ON THE PADE APPROXIMANTS ASSOCIATED WITH A
POSITIVE DEFINITE POWER SERIES*

BY
H. S. WALL

1. Introduction. To every power series:
¢Y) P =co—cztcz® — -+ (co # 0),

and to every pair of numbers m, n of the sequence 0, 1, 2, 3, - - -, there cor-
responds uniquely a rational function:

(2) [m) n] = Nm,n(z)/DM,n(z))

in which the degrees of numerator and denominator do not exceed » and m,
respectively, and such that the formal power series

s'];;(Z)Dm,n(z) - Nm',.(z)

shall begin with the (m+n+1)th or a higher power of z. The function (2)
is called a Padé approximantt of P(z).

Following Padé we shall form with the approximants the accompanying
table of double entry:

[07 0] = Co [0) 1] = Co — €12 [o, 2] = ¢y — €12 + ¢o22
[t, 0] [t, 1] [t 2]
2,0] 1] 2]

3)

Let S; (S-;), £>0, designate the sth diagonal file of approximants te the
right of (below) and parallel to the principal diagonal, Sy, in (3). Then S; is
the infinite sequence

4) Si=1[0,4], [1,i+1], [2,i+2],---;
and
(5) S_i=[5,0], [t +1,1], [i+22],---.

Both (4) and (5) give S, for :=0.

* Presented to the Society, March 29 and December 30, 1929; received by the editors Decem-
ber 30, 1929.
t For details see Perron, Die Lehre von den Kettenbriichen, Leipzig and Berlin, 1913, Chapter X.
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Let
Cn—m, Cn—m+1y * " 4, Cn
Cne Cnem s et Cn
Ama = m+1, +2, y Cnt1 (m’n=0,1’2’...;C‘.=Oifi<0),
Cn, Cnvrly "7y Cngm
Then if
(6) A n >0 ("=0’1)2;"'))

PB(2) is called positive definite. The object of the following article is to study
the convergence of the diagonal files, S;, in the Padé table associated with a
positive definite series, and to investigate the relationship among, and the
character of, the limits (when they exist) of these files.* A summary of the
principal results is contained in §7.

2. The polynomials 4%, B¥. With each of the seriest

B (z) = ¢k — Crp12 + Cryoz2 — - - -

we shall associate four polynomials, namely

k n,k n,k n,k —1 k n,k n,k n,k
(7)A2n=a0 t+a s+t ald, Ba=p +Bz+ -+ Ba 3,

k n.k n.k n,k k n.k n.k n,k
Asmi1 = Yo + 1 24+ v Zn, B2n+l=5o +6 z4---4 6. z",

obtained by requiring that the formal power series
¢ BE— 4 (m = 2nor 2n + 1)

shall begin with the mth power of z. It will be seen that this requirement
yields the following systems of equations:

2 . n,k n,k
2 (— DicrpiBpi = ay p=0,1---,0—1),
=0

(8) P . n,k n,k
2o (= Dicapdpls = 7, p=0,1,---,m);
=0
= . n,k
Z(— Dickiptia-i = 0 (p=0,1,--+,m—1),
=0

(9) 2 . n,k
Z('— 1)'Ck+p+;5,,_.' =0 (P =1, 2, cee, n).
=0

* Cf. Wall, these Transactions, vol. 31 (1929), pp. 91-110, in which the same question is studied
under the further restriction that (1) shall be a series of Stieltjes.

1 In §§2, 3, 4 the series P(z) is not restricted to be positive definite, but is an arbitrary series
with constant term different from zero.
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Since the homogeneous systems (9) both possess fewer equations (by one)
than unknowns they may be satisfied in every case by sets of values of the
Bk, 87 % respectively, each set having at least one element not zero. The
af ¥ yr* are then determined by the 8¢ *, # *, respectively, in accordance
with (8).

Though the solution of (8), (9) is not unique, the functions 4,%/B.k are
unique provided the 3 * or the 62 ‘¥, as the case may be, are not all zero. In
fact, if the power series

gBkB’:n - A’:"’
k_k k
‘B Bm.l - Am.l
both begin with the mth or a higher power of z, the polynomial

Am1Bm — AnBas,
which is identical with
k_k k k k_k k k
(SB Bm - Am)Bm.l - (SB Bm.l - AM.l)B'M

contains no power of z lower than the mth. But since it is of degree m—1 at
most it must vanish identically, and therefore

A:.I/Bfn.l = Afn/B:-

We shall suppose in general that the polynomials (7) are determined by
an arbitrary non-trivial solution of (9). Only when the determinant An_;,nst
is different from zero do we take a particular determination of the 4#,, B,
which is in fact unique apart from a common constant factor, namely

0, g™l - ot ek - -+ Cegnerz™!
k (= D™ | cx Chtly, °°*y Cktn
Azn(—2) = ’
An—intk . . . . . . . .

Ck4n—1y Ck+ny t 0ty Chkyor—1

(10) 2", Z"—l’ Ty 1
k (_ 1)" Ck, Ck+1y * * * y Chkin
an(— Z) =
n—1,n+k
Cktn—1y Ckiny * * * 5 Ckyon—1

If A, .20, we shall take
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A:n-i-l(_ z) =

(11)
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cz®y, 3™l 4 Cryazt, - - -, 6t Crz

(—'1)” Ck+1y Ckt2 Tty Ck4ntl

An ntk
Ck+n, Ck4ntl DY Ck+2n
Z”, zn—l, N 1

(= D™ cryry Crezy = *y Chintt

k
Bopya(— 2) =
" An.n+k

Ck4ny Ck4nt+ly * ° ° 5 Cki2n

[April

i ¥

These are likewise unique except for a common constant factor.
3. Expressions for the 4%, B! in terms of the A*-!, B¥-1. Let us as-

sume that
(12)

An_t npk—1y B onpr—1 # 0.

Then we shall determine constants K, K, such that

(13)

® k-1 B—1
Bya1 = K1Bon — K2Banya,

k k=1 k—1 k-1 k-1
(14) 2-Agp1 = cx-1(K1B2n — K2Bony1) — (K1dow — KaAzntr).

The polynomials (7) involved in (13), (14) are given by (10), (11) by virtue
of (12). If then we equate the coefficients of the highest and of the lowest
powers of zin (13) we shall find that

K2 = 1, Kl = An—l,n+k/An.n+k—1-

One may then verify that the right member of (14) is divisible by z, and that

the power series for B*B#,_1—A#,_, (using the values of A%._,, Bf,_, from

(13), (14)) begins with the (2% —1)th or a higher power of z.
In like manner, if

(15)

An-l.n-}-k, An,n+lc-—l ;é 0’

one will find that

k k—1 k k—1 k—1
By, = KBinyy, 242s = k1K Bony1 — KAgnypy,

where K=1/K,.

We have proved the following theorem.
THEOREM 1. If (12) holds, then

k—1_ k-1

k k—
(16) Bgny = by Baw — -B2n-f1—l,
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@an ZA:n—l = Ck—l[h:_lB::l — B::—:l] - [h:—lA::l - A:n_-:l]y
where
k—
(18) hn ' = An—l.n+k/An,n+k—l~
If (15) holds, then
(19) by 'Bon = Bamis,
k=1 k& k— k=1
(20) Zhn 1A2n = ck—lB2n+11 - A2n+l-

4. The Padé approximants. Let P, denote the sum of the first & terms
of B, and consider the functions

(21) Fr = (BeBonos + (— 2)"Atn_s)/Brns,
(22) Fre1 = (BiBs, + (— 2)*45)/Bos (my b =1,2,3,---).

The degrees of numerator and denominator of (21) do not exceed n+k—1,
n—1, respectively. Then since the formal power series

BBon1 — BiBinr + (= 2) A1) = (= 2) (B Bracs — Asny)

begins with the (k+2z—1)th or a higher power of 3, it follows (see Introduc-
tion) that F} is the Padé approximant [n—1, n+k—1] of B, i.e.,

(23) Fr=[n—1,n+k—1] (n k=1,2,-+).
Similarly, (22) is the Padé approximant [#, n+%—1] of P.
Set A=A, B.=B,. Then clearly

(24) F, = A2n—1/B2n—l) FZI = A2n/B2n (n = 1) 2: ttt )

are the approximants [#—1, n—1], [n, n—1], respectively.
Let C¥, D} denote the polynomials A%, Bk, respectively, connected
with the reciprocal of P, namely

N(Z) =do—d12+d222—'
If €, is the sum of the first & terms, then

(25) F.' = Dy i/ (GiDiy + (— 2)'Cay),

—k+1

(26) Frit' = Di/(GuDss + (— 2)"Ch) (n, k=1,2-)
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are the approximants [n+k—1, n—1], [n+k—1, n], respectively, of P.
Taking (25), for example, we see that the degrees of numerator and denomi-
nator do not exceed n—1, n+k—1, respectively, while the formal power
series

B(CiDsns + (— 2) Cons) — Do = — (= )" B(C Doy — Cons)

begins with at least the (2z+% —1)th power of z.
Along with (25), (26) we have

(27) Fn = D2n—l/C‘2n—1, Ff} = D2H/C2'l'

5. The convergence of the diagonal files S, k= —1, for a positive definite
series. If PB(z) is positive definite, then the series P2*(z), k=1, 2, 3, - - -,
are all positive definite inasmuch* as the determinants A, ny2x, 7, k=0, 1,
2, - - -, are all positive if they are positive when 2 =0.

It is seen from the relation

2
Ap ng2k+18n—2 nt2k+1 = Ano1 np2kBno1,ni2k42 — Bnc1,n42k41

that for each £=0, 1, 2, - - -, the determinants A, ny2541, #=0, 1,2, - - - |

cannot vanish for two consecutive values of #. Let (n’) denote the set of all

distinct indices # for which A,_; .,2:0 (k being fixed). Then (»’) is infinite.
If m, is not in (»") then the four approximants

[#, — 1,y + 2k — 1], [0y — 1, n, + 2F],

28
(28) [n1, na + 2k — 1], [#1, n1 + 2F],

are identical. No other approximants of the table are equal to these.
From these considerations we immediately deduce the following result
(vide supra, (4), (23)).

THEOREM 2. If PB(z) is positive definite and the limits

(29) lim Fa ' = Spey, lim Fo = Sy, LmFa ' = Sopnt

fn=o n=00

exist and two (or all) of them are distinct for z=2,, then there exists a number N
such that

(30) An—l,n+2k # 0 lf n ; N.

* Sylvester, Philosophical Magazine, (4), vol. 4 (1852), pp. 140-141.

t Perron, loc.cit., p. 426. Note that my A, differs from that used by Perron by the factor +1.
Van Vleck showed that all irregularities of the table must be of the first order. Cf. these Transactions,
vol. 4 (1903), pp. 297-332; p. 330.
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In order to connect with Hamburger’s work™ on positive definite power
series, we now set

(31) Po@) = 3" A2, Q@) = 2Bu(2),
k k k a1k
(32) Popi1(2') = 2'"A2041(2), Q2nt1(3’) = 3 +132n+1(2),

where 2z’ =1/2. When (10), (11) hold, and k is even, one will readily identify
these polynomials with Hamburger’s polynomials P,(z"), Q0.(z") connected
with the positive definite power series B*(z’)/3’ (k even). When A,_; n42x=0,
P%(3")/Q%(3") is to be identified with Hamburger’s U,(z')/V.(z') (for the
series P2+(z")/2").

Now by (21), (22), (31), (32),

(33) Fo' = Bu(@) + 5 Ponos(z)/Qunes(z),
(34) Fot = Bu(@) + 2 Pon(e)/Onis),

£=0,1,2, - - - (Bo=0, F,;\ to be replaced by F;1). Then by (4), (23), (24),
(33), and Theorem XIX of Hamburger’s memoir,} we have immediately

THEOREM 3. If B(2) is positive definite, then over every closed finite region
of the z-plane which contains no part of the real axis,

S2xr = lim Fik = sB?k + zzk_lln(zl) (k = 0) 1) 2: o )7
where
+eod 2k m
ey = [ “,
o 2t u

a Stieltjes integral in which Y**(u) is a monotone non-decreasing real function
&(u) satisfying the equations

4o
(35) Cokpi = f wide(u) (i=01,2--).

The function} Y**(u) is determined by the condition that it shall have a greater
saltus at 1 =0 than every§ other function ¢(u) satisfying (35).

* Hans Hamburger, Mathematische Annalen, vol. 81 (1920), pp. 235-319, and vol. 82 (1921),
pp. 120-187. This excellent memoir furnishes the basis for the present paper.

t Loc. cit., vol. 81, p. 310.

T The “Maximalbelegungsfunktion” of Hamburger: cf. loc. cit., vol. 81, pp. 298-299, Theorem
XVI and Definition XII.

§ Two functions ¢ and ¢, will be considered identical if they agree, with the possible exception
of an additive constant, at all points of continuity.
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We shall call the functions ¢(u) satisfying (35) moment functions of P2*.
In particular the moment function ¥?*(x) defined in Theorem 3 is the maximal
moment function of P2+,

There are two cases to be considered. Either the maximal moment func-
tion is the only moment function of P2*, or else P2* has an infinite number of
different moment functions. These will be called the determinate and the
indeterminate cases, respectively, and it will be convenient to term P2* deter-
minate and indeterminate.

In the indeterminate case,* the saltus of y2*(x), the maximal moment
function, is positive at =0, i.e.,

(36) lim [y2*(e) — y2*(— €)] =6 >0, ¢ > 0,
€am)
and in fact,
1
(37 = 2™ = lim by

where 4% is given by (18).
For the determinate case, the work of Hamburgerf and (34), (33) give
at once the following theorem:

THEOREM 4. If B(z) is positive definite and P** determinate, then over every

finite closed region containing no part of the real axis, S:—, converges uniformly

and
Sok—1 = Sox.
Let us set

(38) gu = Por(0)/Quw(0), #' in (w) (B =0,1,2,---).

Then according to Hamburger,}

2k 2k

Pow (&) = 0'(&") + g Pona(&),
Qi (5) = On() + guQown(s)  (k=0,1,2,--),

where Q%, 0% are polynomials defined for all #. In the indeterminate case,§

(39)

lim Pﬁ:_x(Z’) = pik(Z’), lim sz’f._l(Z') = qzxk (3",

n=x° Ne=oco
40 k
(40) lim Q:k(z’) = o™z, lim @:'(z’) = §°*(z"),

* Hamburger, loc. cit., vol. 81, p. 295, Theorem XV, p. 263, Definition III, and formulas
(57), (58), pp. 262-263.

t Loc. cit., vol. 82, p. 144, Theorem XXII; vol. 81, p. 292, Theorem XIV, p. 289, Definition XI,
and p. 290.

 Loc. cit., vol. 82, p. 123, equations (10).

§ Loc. cit., vol. 82, pp. 139-141, Theorems XX and XXI.
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uniformly over every finite closed region. Here p.2*, ¢:**, w?*, 62* are entire
transcendental functions of 2’ subject to the identity

2k 2k 2k 2k

(41) P10 —qrew =41,
Let Z be a constant or a function of z and set
ka(z/) + Zpik(zl)

m2k(s' Z) = ’
0@ + ZgH(@)

£=0,1,2,3,- - - ,m (2", Z)=m(s', Z). We define this function for |Z| =
as follows:

w' (@, o) = p1 ()01 @),
THEOREM 5. (a) If B(2) is positive definite and P2*(2) is indeterminate, then
Sar = Pax + 22k Im2k(5’, ) (k=0,1,2,---;Po=0).
(b) Under the same conditions, the files Sar_1, Sars1 converge if and only if

. 2k
(42) lim | gn| = w0,
or else
(43) lim go = g%, g™ finite,

n/=c

and (30) kold. In the former case,

(44) Seic1 = Sox = Saks1,

while in the latter,

(45) Sz = P + 227 'm (7, g2%), Sogr = Bar + 22w (', g — 2/ k%)
(where h?* is the positive constant given by (37)), and

(46) Sak1 # St # Sarsr.

Part (a) is the direct consequence of (33), (40).

Now by (34), (39), (40),
(47)  lim Fagr = Pox + 225 'm2k(2, ), or Box + s2t-Im2¥(e, g2¥),
according as (42), (43), respectively, holds. It is easily seen with the aid of
(41) that the latter is different from Sj;.

Again, by (21), (16), (17), the argument being z throughout,
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2k | 2k 2k
hn’ A2n’ - A2n'+l]
)

2k+1 2k+1  2k+1 2k+1

Fo' = Poryr — 3 Aon—1/Ban—1 = Bar + % |:

h2kB2lc —_ B2k
n’  2n’ 2n’+1

which becomes, by (31), (32), (39),

F”' = ’
U@ + (0, () — 03, (/M

2k 2k _ 2k 2k 2k
2k+1 ‘B + sz__l [Qn'(z’) + (gn' PZ»'_I(Z’) - ZP2n'+1(Z,)/hru]
2k .

Hence, by (40),

(48) lim Fort'

nr=o

= %21‘ + zzk—lmﬂc(z” 00), or SB2k + Z2k—lm2k(z', g2k —_ z/hz’;)’

according as (42), (43), respectively, holds. As before the latter is different
from Sj:.

Let (n,) be the set of all indices # not in (»”). Then if () is finite, we may
clearly replace #’ by # in (47), (48) and hence in this case we have (44) or
(45) according as (42), (43), respectively, holds.

If, on the other hand, (n,) is infinite, it follows from the identity of the
approximants in the squares (28) that

. 2k—1 . 2k+1
limFp4y = limF,, = Sau,

ﬂl=w nl=w

and if the second limits in (47), (48) hold, Sx—1, Sax+1 surely diverge inasmuch
as they both contain an infinite subsequence with the different limit Sa.

The completion of the proof of (46) is accomplished, again making use of
(41), by showing that the difference of the functions (45) is not zero.

We prove next a theorem connecting the various files Sys.

THEOREM 6. (a) If P* is determinate, then P2+—2¢, t <k, is determinate and
(49) So = Sop—2s.
(b) If P22t t<k, is indeterminate, then P2* is indeterminate, and
(50) Saor # Sor—st.
To prove (a) we write, by Theorem 3,
Sek—at = Par—ge + 22F7271[28-2¢(5") - Sop = Por + 225 1I2E(gY),

But clearly

+00
I2%24(z") = Cpp9i% — Cappe1z® + - - - + zz:f wdY 2 (u) /(2 + ).

—0
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Hence

o dyr(u) + d%“(“)]
51 Sok — Sak_ge = 22! - — ,
( ) 2k 2k—2¢ 2z [f_w z’+u f_m z'+u
where

Y, % (u) = uPtdy?*=2(u).
But ¥2* () is a moment function of the determinate series PB2*, and therefore
pirs) = [ i) and i) = [ apr

agree at all points of continuity and at the points 2=+, — . It then fol-
lows from a known theorem* that the right member of (51) is identically zero.
Thus we prove (49).

To prove that P2*-2¢ is determinate, suppose the contrary. Then P2+-2¢
has two different moment functions:

2k—2¢

vi (w),i=0,1.

Therefore P2* has the two different moment functions:

'P?k(u) = fuumdn[/:k—u(u), i=0,1,

—00

which is contrary to hypothesis.

To prove (b), assume that P2* is determinate. Then by (a), just proved,
P2*-2¢ is determinate, contrary to hypothesis. Therefore $2* must be in-
determinate.

Again, by Theorem 3,

+o0
Sok—2e = Pax + z2k—1f wdyr—2(u) /(z' + u),
Sar = Par + z212E(S),
and if these were identical it would follow that

Y2k(u) = fuu”d¢/2’°‘2‘(u).

But this is impossible since if it held, ¥2*(%) would have zero saltus at »=0.
This contradicts (36).

* Perron, loc. cit., p. 367, Lemma 1.
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THEOREM 7. (a) If B(2) is indeterminate, then the files S, k=0, 1, 2,
3, - - -, all converge or else all diverge.
(b) A necessary and sufficient condition for convergence is that

lim |g,.:| = o,
nr=cw

or else
lim g = g, gﬁnite:
and A,_1,,=0 for but a finite number of values of n.

(c) When the odd files are comvergent, two successive files Sa, Sny1 have
limits which are meromorphic functions of z'=1/z expressible in the form
%n(2)/00(2), Uns1(2)/V011(3), where u,(2), va(2), - - -, are entire functions of 1/2
among which there is, in general, the relation

(52) Un(2)0n41(3) — Uns1(2)va(3) = (— 2)™.

An exception arises whenever, for some k,
. 2k
lim | gn I = o0 ,
”nr=o0

whereupon
(53) Sor—1 = Sox = Sakta.

The identity (53) cannot hold for two or more consecutive values of k. If
Sex—1# Sar 0r Su# Seks, then Sa—1Z Ser# Saksr.

(d) A4 sufficient condition for divergence of the odd files is that An_1 ni2e=0
for an infinite number of values of n when k=Fk, and k=Fk,+1(k, 20).

In fact, by Theorem 6, all the series PB2*, k=0, are indeterminate. Hence
by Theorem 35 it is seen that if S:x—; converges (diverges) then Sy must
converge (diverge), k=0, 1,2, - - - . Thus all the files Sz:—; converge or else
they all diverge. The condition in (b) is obviously correct since it is a neces-
sary and sufficient condition for the convergence of S_;, by Theorem 5.

The first part of (c) follows from Theorem S if we take

0@ =06 + g0 @), @), or 66 + @ — /K e @),
according as n =2k —1, 2k, or 2k+1, and then put
%n(2) = 0,(2) [Par + 22¥~'m2k(z’, Z)], where Z = g2k, o, or g% — z/h?*

according as n=2k—1, 2k, or 2k+1. The relation (52) then follows from (41)
after an easy calculation.
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That (53) cannot hold for two consecutive values of & follows at once from
(50). The last statement in (c) follows from Theorem 5.

Under the hypothesis of (d), it would follow from Theorem 2 that
Sk, =S2x,42, again contradicting (50).

6. The convergence of the files S_;, £=1, for a positive definite series.
To investigate the convergence of the files S_i, we turn to the reciprocal series
&(z). The following theorem is fundamental.

THEOREM 8. If B(2) is a determinate (indeterminate) positive definite power
series, then* —G%(z) is a determinate (indeterminate) positive definite power
series.

On the supposition that P has a corresponding continued fraction of the
form

(54)

1 b4 2z
Gt atat--,
a condition equivalent to (6) is
(55) 83541 > 0 (i=0,1,2,---).
Now —E1(z) will have a corresponding continued fractionf
1 2 b4
Gt astact o,
and consequently if
(56) ghn=08+as+ -+ an#*0 n=1,2,3,---),

—@2(z) will have the corresponding continued fractiont

1 Z 4
er + e+ e + -,
where
(57) €2ir1 = Q2isa(gir1)?, €2 = Goire/(gigis1).

Hence by (55), (56), €2:+1>0, and therefore —@? is positive definite in this
restricted case.

Under the same restrictions, if B is indeterminate, then — @2 is indeter-
minate, and conversely. To verify thisit is sufficient§ to prove the convergence
of the two following series:

* Here we write &2 for €®.

t Wall, loc. cit., p. 99. Theorem 1.

1 Wall, loc. cit., pp. 102-103, formulas (49), (50).
§ Hamburger, loc. cit., vol. 82, p. 148, Theorem XXIV.
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(58) (A Desr, B) Lesnles+ e+ - - + e2)?,
on the hypothesis that the like series connected with B, namely
(59) (A Dasity, (B)  Dasipr(as + as+ - - + as),

converge; and conversely.
Clearly (58) (A) converges, being by (57) the same as (59) (B), which we
now suppose convergent. Now, by (57),

n 1 n
Desiri(eat ea+ - -+ )2 = D asira(gir)?

=1 (02)2 i=1

(60)

- i Za2i+3gi+1 + D asiss,
ag =1 =1

from which the convergence of (58) (B) follows on the hypothesis that (59)

converge, since _as:43g:41 converges then as Hamburger showed.*
Conversely, let (58) be convergent. Then as before (59) (B) converges.

Now Y esiri(es+es+ - - - +es) is convergent, and, by (57),

n 1 n n
(61)  Desipa(es + ea+ - - + €2) = . Zaz.~+s(g.~+1)2 — D ariisgin.

=1 2 =1 =1
Multiplying the members of (61) by 2/a» and subtracting the resulting equa-
tion from (60), we get

n n
Za2i+3 = Zezi+1(82 +e+ -+ 326)2
=1 =1

(62)

- i Deriries + ea + - - + e2)? + D azirs(girn)®.
Q2 =1 (a2)® o
Since the sums on the right of (62) converge for n =, the like is true of the
sum on the left, and hence (59) (A) converges.
Let now B(2) be obtained from PB(z) in the following manner. Suppose ¢
real, and write

Co a C2 Co 3 C2

— + —_— _— —_— . e .
G+ G+ G+ 2 2 g3
where the series on the right is obtained by expanding in descending powers of
2’ each term of the series on the left and then collecting the like powers of
1/2’. Then we set

)

Pz) = ¢o — 612 + Coz? — - - -

* Loc. cit., vol. 82, p. 139, formula (36).
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LemMA. If PB(z) is an indeterminate (determinate) positive definite power
series, then if t is real B(2) is an indeterminate (determinate) positive definite
power series. There exists in every real interval an uncountable infinity of num-
bers t such that B(z) will have a corresponding continued fraction

1 2 2
(63) - - =z
G1+ady+as+ -,
in which
(64) G+ a1+ -+ au=0 (i=1,2,---).

The series G connected with B is G2, i.e., bears the same relationship to G
that P bears to B.

With the aid of this lemma the completion of the proof of our theorem
may be accomplished. In fact, if P fails to have a corresponding continued
fraction, or if, while having a corresponding continued fraction, (56) fails,
then we may turn to P in which ¢ has been chosen so that (63) exists and
(64) holds. By what we have already proved, —@? will then be positive
definite and determinate (indeterminate) if B and hence P are of the same
character. The same will then be true of — @? since the latter is obtainable
from — @ on subjecting it to the above described transformation, using —¢
as the parameter.

Now that part of the lemma up to and including (63) was proved by
Hamburger.* He showed that the function Py.(2’)/Q2a(2) connected with
B (2) is equalf to Paa(z’+1)/Qsa(z’+1). It follows that the sum (64) is equal
to Ps.(t)/Q24(t), and this will be different from 0 for all » if we do not take ¢
to be one of the countable number of zeros of the polynomials P,.(t), and this
is clearly possible inasmuch as we have at our disposal an uncountable num-
ber of choices for ¢. Now since

1/B(z) = E(2),
it follows that

Co 1 d_2 d_a
1 — o | =doz’ — [dy — d - =
/[(z'—}- ) (z'+t)2+ ] 02 [1 0t]+z’ z,2+

Thus

.@(Z) = dy — (dy — dot)z + 3222 — (7323 + .-,
and hence
—@2(2) =l—ia—(iaz+g4z?— S,

* Loc. cit., vol. 81, §4, and p. 300.
1 Hamburger, loc. cit., vol. 81, §4, p. 265, formula (64).



526 H. S. WALL [April

which was to be proved.
By (25), (26) we may now write

(65) . = 1/[Cu+2 Paa(d)/Qma@)),
(66) Foi = 1/[Gu+ 5 Pa &)/Qm )], k21,

where P,~2%, Q,%* are related to C:k, D:b by equations of the form (31),
(32).

Theorems exactly analogous to the theorems of §4 can now be stated for
the files S_x, £21, using (65), (66) and Theorem 8 as our point of departure.
It is important to observe that when P (z) is indeterminate, the convergence
or divergence of the file S_; implies the convergence or divergence, respec-
tively, of all the other files S where & is odd.

7. Summary. From the preceding discussion one will readily see that
there are just three cases, as follows.

Case I. When 9 is indeterminate, all the even files of the table are con-
vergent, and the limits are meromorphic functions of z’=1/z, such that,
for every 120, k=1,

Sei # Saiver, S—2i2 # S_siak—2.

The odd files either all converge or else all diverge, and when convergent
the limits of adjacent files of the table are, in general, unequal. In exceptional
cases we may have

32#-15526552041 (i=0’i-17i21"')’

but if this hold for =4, 7'/, then |3’ —3"'| >1.

Case II. The series P?* and —@* for k=0, 1,2, -, p; k'=1, 2,
3,- -, p’, are determinate, while for £>p, k' >p’, respectively, these series
are indeterminate. In this case the files S;,2=0,1, - - -, 2p; —1, =2, - - -,
—2p’, all converge to a common limit. For the remaining files in the upper
and lower halves of.the table taken separately, the discussion is essentially
the same as in Case I.*

Case III. The series B and the associated series P2*, —E2* are all deter-
minate. Then all the files of the table have a common limit which is a func-
tion that is analytic over the entire plane except the whole or a part of the
real axis.

In Case I the limits of the files S;, 7= — 1, are meromorphic functions of
1/z with poles on the real axis only. As for S_s, S_3, S_s, - - -, the limits are

* See §9 for further discussion of Case II.
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of the form 1/[d,—diz+2%(3) ], where f(z) is a meromorphic function of 1/2
with poles on the real axis only, and therefore these limits are meromorphic
functions of 1/z with zeros on the real axis only.

8. On extended positive definite series. In order to continue the dis-
cussion of the diagonal files we shall need to consider the question of “extend-
ing” positive definite series. We make the following definition: The positive
definite power series P(z) will be said to admit of an extension of order # if
there exist 2z real numbers, ¢_i, ¢z, - - -, C_2s, Such that the power series

(67 PE2(g) = cgi — cgpz+ -+ G=1,2,3,---,m)

shall all be positive definite.
Two cases will be distinguished according as B(z) is determinate or inde-
terminate. In the former case we have the following theorem:*

THEOREM 9. Let PB(z) be a determinate positive definite power series with
moment function Y(u) (cf. §5). Then a necessary and sufficient condition that
B(2) shall admit of an extension (67) of order n is that the integral

+° dy(u
68) f Y (u)
—w un
shall be convergent. The coefficients c_; in an extension are as follows:
+o0 +w
(69) i = dYy(u)/ui, i < 2m; C_ga = ay(u) /utr.

No other extensions of order n are possible.

To prove that the convergence of (68) is sufficient for the existence of an
extension of PB(z) of order »n, we write

v d
Vi(u) = f tﬁ(u),

o uzn

and note that this is a non-decreasing real function of % such that all the
moments

4o
i = [ wanw (i=0,1,2-)

exist. Consequently,} the series
(70) ¢f —ciztedat— .-

* Cf. the corresponding theorem for Stieltjes series given by the writer in these Transactions,
vol. 31, pp. 771-781.
1 Hamburger, loc. cit., vol. 81, §5, pp. 266-270.
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is positive definite. But
Cingi = Ci (1=0,1,2,---),
and therefore (70) is an extension of PB(z) of order x.

To prove the necessity of the condition, assume that an extension (67)
of B(2) exists. Clearly, since B(z) is determinate, 2" (z) is determinate by
Theorem 6. Let 2" (u) be the moment function of P-2»(z). Then (%)
and ¥u(u) = [* ,utdy 2" (u) are both moment functions of the determinate
series B(2), and are therefore equal, with the possible exception of an additive
constant, at all points of continuity. Thusif —¢<0,5>0,7=0, —a, b points
of continuity of ¥(u),

—a d A -—a
an [2E - [ Cumem,
(72) fm ‘f:i'(f_‘? = fwu‘dw(—%t)(u).
b b

Now if a, b approach 0 over points of continuity of (x), the right members of
(71), (72), and therefore the left members, will approach definite limits, L,
L/, respectively. Let —a’ be an arbitrary real number subject to the condi-
tion 0<a¢’<3$, and let —a;, —a, be points of continuity of ¥ () such that
—0< —a1<—a"<—4a,<0. Thenif >0, and 7 is even,

(3) Li-—< f—“ adSON f—“' AR f_a' LICIPS

un—s u2n—i un—s

—a0 ~c0 —o

if & is sufficiently small; if 7 is odd, (73) is to be replaced by

L.~+%>f_almgfwdi@;f_a'd'““)ZL.-.

u2n—s un—t u2n—*s -

—o0 —w —o

Hence, whether ¢ is even or odd,

—GI d
(74) L;— f ¢(u? << 0 < d <9).
—® u“" 2
Similarly,
to
75) |L.~'—~ ) adCl P 0 < b <),
, u2n—t 2

It follows, if we combine (74), (75), that
f s 120

u2n—t’

—
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converges, and its limit is
Li+ L =c, 2n2i20.
When i=2n, L;=y2”(—0) while L/ =c_3»—¢ 2" (40), and hence in this
case
f+°° ay(u)
— = C_2n — W,

o uln

where w =0 is the saltus of Y2 (u) at u=0.
When $(2) is indeterminate, we proceed as follows. Set

’ t /
(76) m(z';t) = M; 7=1/3
(") +19:(3")
where ¢ is a real parameter, and w(2), 8(z’), - - - , are the functions introduced

in (40). Hamburger* has shown that m(z’; ¢) is a meromorphic function of 2’1,
which may be expressed as a Stieltjes integral:

+o g, 38
7) m(d; ) = f j(iu)

the latter having the asymptotic development P(1/3)/2".
For any given finite value of ¢, ¥(u; £) is constant in the neighborhood of
# =0, and hence all the moments

718) P . (=1,2---)

—o0

exist. Thus if we set
Vo) = [ aps o /u,

where # is an arbitrary positive integer, we see that 2" () is a non-decreas-
ing function of # such that all the moments

+oo
Cognti = f utdy =2 (u) ) (i= 0,1,2,-- ’)

exist. Hence B2 (2) =¢_ga—C_2n18+ - - - is a positive definite power series
and is an extension of PB(z) of order #.
Hamburger] showed that B2 (z) is determinate. It then follows from

* Loc. cit., vol. 82, §§18-19,
1 The 2’ of the preceding work.
1 Loc. cit. vol. 82, p. 179.
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Theorem 6 that P27 (z) is determinate forn=1,2, - - - . Also, M + P2 (3),
M >0, is indeterminate, and it may in turn be extended, giving an extension
P12 (2) of B(2) of order 2 which may be determinate or indeterminate, and
is in any case different from P-4(z). This new series, B.*(z), may then be
extended, etc. We sum up these facts in the following theorem. The formulas
(72) are given by Hamburger.

THEOREM 10. Let B(2) be an indeterminate positive definite power series,
and let m(z; t) be the meromorphic function of z defined by (76), (77), which
gives rise to a moment function Y(u; t) of P(z). Then P(z) admits of a de-
terminate extension of arbitrary order n corresponding to every finite value of
the real parameter t. The coefficients in the extension are given by (78).

The first two coefficients, c_., c_s, are polynomials in t as follows :*

-1 = t,
79 ;
(79) -3 = g (0) + [6°(0) — £, (0) ]t — '(0).
The series (M +c_s) —c1z+coz*— - - -, M >0, is positive definite and in-

determinate. This series may then be extended to any desired order, forming
thereby, at pleasure, extensions of B(2) all of which are indeterminate, or else
such that all from and after a certain order are determinate.

Let us suppose that there exists a sequence of indices

n < n<m<---
such that (cf. (38))
lim gi’p= g%,
Pe=co
where g2¢ is finite. Then by (34), (39), (40), (23), the sequence of approxi-
mants in Sz.'_x,
[nﬂ)”P+2i_1] (P=1,2,"‘),
will have the limit co—c12+ - - - —coi 12214+ 22~m2i(3’ | g27).
Let ¥2(%, ¢) be the moment function of P2¢ occurring in the expression
(76) for m?i(2’, g*%), and set
+o0 d 214 u, 2% X
(80) f Lkg_) = c;” (k=1,2,3---).
—0 u
‘Then we shall show that the series
OO
(81) ‘___27.,___’3__...
H Zz 2

* The primes denote differentiation with respect to z.
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converges outside a circle of radius R where R is the distance from the origin
to the most remote pole of m?(z’, g2%)/z (and is necessarily finite).

In fact, Y2%(u, g?%) is constant in the interval (—R-!, +R1) and hence, if
R>0>0,

mzi(z” gﬁ) _ f+eo d,pzi(u, gﬁ) _ fR+¢ — ud'pﬁ(l/u’ g2t’)

z —w 14 2u Reo 2+ u
R+o 1 u
- [ uf -t Yavam, g9,
—R—o 3z 32

Since the series within the braces converges uniformly over the interval
—R—o=u=R+o, if |3 >R+o, it may be integrated term by term and
hence (81) converges for |z| >R and is equal to m?(s’, g*¥)/z there. We state
the following theorem.

THEOREM 11. Let P(2) be indeterminate, and suppose Sx_, contains an
infinite subsequence of approximants:

[n5, np + 2i — 1] (r=1,2---),
with limit f(z). Then if f(z) # Sa; we have the following expansion:
c](i) 62(5) ca(‘)
f(z)=$2i+zﬁ{ “—2"‘—;‘—"'},
2 3 3

which is convergent for |z| >R, where R is the distance from the origin to the
maost remote pole of f(2), and is always finite. The numbers ¢ are given by (80),
and thus, for every k,

0! ) (5) 2k—1 2%
(82) Cor — Cop12+ - —¢1 2 + oz — -

is an extension of P2%(z) of order k.

9. An existence theorem for Case II. We shall apply the work of the
preceding paragraph to show that, in Case II, for some i the files S_1, S,
Sy, + - -, Su may have a common limit while the succeeding odd files, Sz,
Soirs, Saiys, © - -, may either converge or diverge. To construct such examples,
suppose P(z) to be indeterminate, and let all the odd files of the associated
Padé table be divergent. Let us now form the series (82) taking £=:. The
series so formed will be determinate by Theorem 10, and in the corresponding
Padé table, S_,, So, - - -, Sas will be convergent, while the subsequent odd
files must clearly diverge. If, on the other hand, the odd files in the table for
PB(z) had been convergent, the same would have been true in the table for the
constructed series.
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If, in Case II, Sz is the first file different from S;;(2=0), then Ssiys is a
meromorphic function of 1/z. The like is true of Ss;11 when the latter is con-
vergent. It is readily shown that the common limit, S, of the preceding files is
a meromorphic function of 1/3.

In fact, the series B?#*2(z), being indeterminate, may be extended indefi-
nitely. One such set of extensions is made up of the determinate series
S!32"-2"(2): k=0,1,2,---,1

Now the function m?+%(3’, ) connected with P2i+2(z) may be written in
the form

BN
g .
_— %+ N(E)
Let us take ¢ =cz:41 (cf.(79)), and consider the function

u 2i+2 .
nw = [,

u2it2

Clearly the integrals

f+w“‘db”x-(u) =/ (1=0,1,2,--+)
all exist and -
e =¢c,i=1,2,---,¢d =co+w,w=0.
It follows that
+2
So=e +%L ?f‘i CeTY ..‘2, ) )2'+21<\; +)

where we have written N,, N, for N,(czi41), N\s(c2i41), respectively. Hence S,
is a meromorphic function of z’=1/2z.
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